In this paper, the reflection and transmission properties of the plane electromagnetic waves are investigated at the interface of an asymmetric graphene-based hyperbolic metamaterial composed of alternating stacks of graphene monolayers and dielectric layers. It is shown that the Brewster angle can be changed by tailoring the orientation of the optical axis of the considered structure as well as the chemical potential of the graphene. Furthermore, the propagation of the wave vectors and Poynting vectors are studied in the given structure. Such structures have singlet dispersion behavior for the transverse electric wave and triplet dispersion behavior for the transverse magnetic wave. These types of dispersion can be switched by modifying the orientation of the optical axis, the chemical potential of the graphene, and the frequency of the impinging wave. Such tunability characteristics of the graphene-based metamaterials may be practical to design optical devices such as hyperlenses and tunable optical filters.
Introduction
In the past decade, the development of metamaterials (MMs) fabricated of thin layers has produced the potential to design optical devices with the characteristics beyond the usual materials in nature. MMs, artificial structures with the optical properties that are unreachable with conventional materials, have a wide range of applications in imaging [1, 2] , cloaking and perfect absorbers [3, 4] . The first studies of the MMs were concerned with structures which have simultaneously negative dielectric permittivity and negative magnetic permeability known as double negative materials [5] [6] [7] . Also, a pair of single negative materials which possess either negative permittivity or negative permeability (MNG) acting as MMs show some unusual features, such as resonance, complete tunneling, zero reflection, and guided mode selection [8] [9] [10] . Among the variety of MMs, hyperbolic metamaterials (HMMs), a kind of MM, with the hyperbolic isofrequency surfaces, has attracted a lot of attention because of their properties which are different from usual anisotropic materials [11] [12] [13] . There are some natural materials that have indefinite permittivity with the hyperbolic dispersion in several certain spectral ranges such as graphite, strong anisotropic uniaxial crystals, bismuth and hexagonal boron nitride [14] [15] [16] [17] [18] . These structures show the negative refraction because of their dispersion diagram and have applications in superlenses [19] [20] [21] , enhancement of the spontaneous emission [22, 23] , thermal emission engineering [24] , subwavelength modes [25] and supper resolution [26] . Also, the low reflection from the interface of passive HMMs for the wide range of incident angles and high absorption in comparison with common lossy materials have made these structures to be a good candidate as attenuator or absorber [27] . Recently, HMMs have been used in long electromagnetically induced transparency by overcoming the limitation of near-field coupling in usual materials [28] . The initial studies of the HMM behaviors were started in the microwave regime. In optical frequencies, the non-magnetic media can show hyperbolic behavior. In the last few years, HMMs have been proposed, consisting of alternating layers of metal and dielectric with the subwavelength unit cell, and metallic nanorod arrays in the optical frequencies regime [11, 23, [29] [30] [31] [32] .
Meanwhile, a large number of studies have been directed to the graphene which is a two-dimensional sheet of carbon atoms [33, 34] . Importantly, the optical properties of the graphene including its permittivity strongly depend on its surface conductivity which can be tuned by an electrostatic field or chemical doping [35, 36] . These unique properties make graphene-based materials as a promising candidate in design of tunable optical devices. One type of these materials is graphene-based HMMs composed of periodic layers of the graphene sheets and subwavelength dielectric layers. In the presence of the graphene monolayers, in such structures their optical properties can be affected by the parameters such as the chemical potential of the graphene or the frequency of the incident wave. This type of material can be exploited in a variety of applications such as supper absorbers, tunable absorbers, and tunable surface waves [37] [38] [39] [40] . Moreover, the uniaxial asymmetric hyperbolic media (AHM) which are a kind of uniaxial materials with the tilted optical axis have applications as solar cells [41] .
In the present paper, we study the reflection and transmission properties of the transverse electric (TE) and transverse magnetic (TM) waves at the interface of an isotropic medium and a graphene-based asymmetric hyperbolic metamaterial (GAHM). The GAHM composed of periodic layers of the graphene monolayers and dielectric layers is considered as a uniaxial medium with the tilted optical axis. In addition, the behavior of the wave vectors, Poynting vectors, and their dependence on the chemical potential of the graphene and the optical axis orientation of the GAHM are investigated. The paper is organized as follows. In section 2, we obtain the Fresnel equations and the direction of the wave vectors and Poynting vectors at the interface of the isotropic and the uniaxial media. In section 3, we investigate the reflection, transmission, and the propagation of the wave vectors and Poynting vectors at the interface of the GAHM by numerical calculations. Finally, in section 4, we summarize the results.
Calculation and theoretical model
As shown in figure 1 , the TM wave with the angle of incidence θ i is incident from the medium 1 to the medium 2. Both media are considered as nonmagnetic materials with the permeability μ 1 =μ 2 =μ 0 . Also, the medium 1 is considered to be a nonabsorptive isotropic medium. The medium 2 is the GAHM comprised of SiO 2 layers with thickness d d and relative permittivity ε d , and the graphene monolayers with thickness d g =1 nm [42] [43] [44] and permittivity ε g . The optical axis of the GAHM is on the x−z plane and makes angle j with the z axis. The permittivity of the graphene e = + 
where ω is the angular frequency of the incident wave, ε 0 , e, ÿ, and k B are the electric permittivity of the vacuum, the electron charge, the reduced Planck constant, and Boltzmann constant, respectively. T is the temperature and μ c is the chemical potential of the graphene monolayers. Here, γ is the intraband scattering rate. The real and imaginary parts of the graphene permittivity in the terahertz frequency range are plotted in figure 2. As is clear from the figure, graphene is strongly dispersive in the considered frequency range, although this dispersive behavior decreases by increasing the frequency. Since in our study the wavelength of the incoming wave is much longer than the period of the GAHM structure, i.e.
, the effective medium theory (EMT) can be used to describe the permittivity of the GAHM. By implementing EMT approximation, medium 2 can be considered as a uniaxial medium which its permittivity is given by: Here, e e j e j = + 
By applying Maxwell equations, it can be shown that the magnetic field in medium 2 e e w = - Solving equation (5), and applying the boundary conditions for the tangential components of the magnetic and electric fields at the interface of the two media, the Fresnel reflection r TM and transmission t TM coefficients are obtained as [47] :
e e e e e e e e e e = -+
e e e e e = + +
, where = 
are the z components of the wave vectors in media 1 and 2. Here, g ¢ TM and g TM are the real and imaginary parts of the wave vector of the TM mode in the GAHM, respectively. The reflection R TM and transmission T TM from the interface of the GAHM are given by:
e e e e e and transmitted waves which are given as [47] : One can see from equations (17) and (18) that the Poynting vector and wave vector in medium 2 are not necessarily collinear. In a similar way, the Fresnel equations of the TE mode can be obtained as:
, where g ¢ TE and g TE are the real and imaginary parts of the wave vector of the TE mode in the GAHM, respectively. Using equations (19) and ( The transmission T and reflection R spectra at the interface of GAHM for both TM and TE waves with the incident angle θ i =40°. Here, μ c =0.3 eV and j=45°.
Results and numerical calculations
In the following discussion, we consider medium 1 as free space with ε 1 =1. [48], respectively. We consider the graphene monolayers at the room temperature T=300 K with the scattering rate γ=0.6 THz. In order to gain further insight into the effective permittivity elements of the tensor in equation (3), we plotted the real and imaginary parts of e  and e^in figure 3. One can see from the figure that in the low frequency range, the considered structure shows hyperbolic dispersion where e >  ( ) Re 0and e < ( ) Re 0. The reflection and transmission at the interface of the GAHM are plotted for both TM and TE waves as functions of the incident angle at the frequency f=1 THz in figure 4 . The considered parameters for the GAHM are μ c =0.3 eV and j=20°. It is clear from the figure that the Brewster angle at which the reflection of the TM wave will be minimum occurs at θ B =82°. As we know the permittivity tensor of the GAHM depends on the cutting of the GAHM surface and the chemical potential of the graphene monolayers which can be tuned via a bias voltage [45, [49] [50] [51] . Therefore, the transmission and reflection of the structure may be affected by the chemical potential μ c of the graphene layers, and the orientation of the optical axis j of the GAHM. To show this, we plotted θ B (a) as a function of j with the constant chemical potential μ c =0.1 eV, and (b) as a function of μ c with the constant j=20°, at the frequencies f=1 THz (solid lines) and f=1.5 THz (dashed lines) for the TM wave in figure 5 . From the figure, one can see that the Brewster angle is affected by changing the orientation of the optical axis as well as the chemical potential of the graphene. These tunability behaviors of the Brewster angle can render the potential application for designing optical filters and Brewster windows in controlling the polarization and phase of the incoming wave in a wide range of incident angle. Moreover, the high transmission of the TM wave from grazing incidence to oblique incidence can be applicable in tunable absorbers or attenuators. In continuation, we want to plot the reflection and transmission of the structure for both TE and TM modes at a fixed incident angle (θ i =40°) in the far infrared (FIR) frequency region (see figure 6 ). As one can see from the figure, there exists a band gap for the TM mode. The formation of this band gap comes from the dispersion behavior of the GAHM which is shown in figure 3 . Indeed, the effective permittivity of the GAHM for the TM mode will be near zero in the frequency range of the band gap, so the TM mode is reflected by the structure. Since, the optical properties of the structure depend on the chemical potential and the orientation of the optical axis, so these parameters can influence the band gap of the structure. To show this, we plotted the transmission spectra of the structure in the planes of f−j and f−μ c in figure 7 . The figure reveals that the larger the optical axis orientation angle, the narrower the band gap width (see figure 7(a) ). Furthermore, the band gap of the structure is blue shifted by increasing the chemical potential (see figure 7(b) ).
Now we turn our attention to the behavior of the Poynting and wave vectors in the GAHM. Figure 8 shows the angles of the Poynting vector( )
TE , and the wave vector( )
TE with the z axis for the TM (TE) wave in the FIR region. As is illustrated in figure 8 , the direction of the Poynting and wave vectors of both TE and TM modes strongly depend on the frequency. However, unlike the TE mode, the sign of the θ 2S and θ 2k of the TM mode depending on the frequency region may be positive or negative. In this regard, the FIR frequency range is divided into three regions. The different situations of the Poynting and wave vectors for both modes are summarized in table 1. To validate the above results, we have simulated the spatial distribution of the electric fields of the TE and TM modes with the frequency f=2 THz in figure 9 . It can be seen from the figure that the TE mode is reflected by the structure which confirms the results in figure 6 . Also, the direction of the wave vector of the TM mode which is normal to the wavefront propagates in positive angle respect to the interface normal, while the energy flow (arrows in the figure) which shows the direction of the Poynting vector refracted with the negative angle. Such behaviors in which the structure can reflect an EM wave with a special polarization and transmit another polarization with negative refraction can be applicable in filtering or imaging.
Here, we want to define the real refractive index of the GAHM which must be satisfied in the Snell's law at the interface of two media. The real refractive indices of the GAHM for both TM and TE waves are given as
, respectively. It is clear that the propagation of the electromagnetic waves in the GAHM strongly depends on the value and the sign of its real refractive index. The real refractive indices of the GAHM plotted for both TM and TE waves in figure 10 . Here, the sign of real refractive indices and the direction of the wave vectors are obtained using the Maxwell equations and the fact that the energy must propagate far from the source of EM radiation. Now let us investigate the behavior of the Poynting vector in different frequency regions. We can get the dispersion equations using the Maxwell equations for the extraordinary TM wave as:
and for ordinary TE wave as:
As is well-known, the Poynting vector that shows the direction of the group velocity defined by v g =∇ k ω(k) is perpendicular to the isofrequency surfaces and points to the direction along which ω(k) is increasing. To show this, the isofrequency curves are plotted in the x−z plane in figure 11 for two frequencies f 1 (dotted-dashed curves) and f 2 (solid curves) with ∇f=f 2 −f 1 =0.5 THz. These two frequencies were chosen from regions where the wave can transmit to the structure. It can be clearly seen from figure 11(a) that for the frequencies f 1 =3.5 THz and f 2 =4 THz, the isofrequency curves are hyperbola-like and the tangential component of the Poynting vector is in the opposite direction of the x axis, so
shows the negative refraction of the Poynting vector. For the frequencies f 1 =8 THz and f 2 =8.5 THz, the isofrequency curves are ellipse-like, so, as is shown in figure 11(b) , the Poynting vector propagates in the GAHM at the positive angle with respect to the z axis which is the behavior of usual anisotropic materials. On the other hand, for the ordinary TE mode in the whole frequency range q > 0
Here, the frequencies f 1 =8 THz and f 2 =8.5 THz are chosen to show the direction of the Poynting vector and wave vector in figure 11(c) . Because of the circle-like isofrequency curves, it is obvious that the wave vector and Poynting vector are collinear which is the behavior of the ordinary waves. It must be mentioned that the formation of the gaps in the isofrequency curves in figures 11(b) and (c) are due to the loss in the medium in which the imaginary part of the wave vector in the GAHM is much more than its real part. Therefore, the EM wave cannot propagate in the medium. In the following, we study the influence of the chemical potential and the optical axis orientation on the dispersion type of the extraordinary wave. The widths of the frequency range of three regions were plotted in figure 12 . It can be seen from the figure that by increasing μ c and j the width of the frequency range in hyperbolic-like regime (region (I)) increases, while the widths of the other two regions decrease. For the higher values of μ c and j the GAHM behaves as HMMs in the wide frequency range of FRI. This tunability of dispersion type has many applications in control of the electromagnetic waves and optical devices such as hyperlenses.
Conclusion
In summary, the reflection and transmission were investigated from the interface of the GAHM for both TM and TE waves using the EMT. It was shown that the Brewster angle and the band gap for the TM wave can be tuned by the chemical potential of the graphene monolayers and the orientation of the optical axis of the GAHM. In addition, the propagation of the Poynting and wave vectors in the GAHM was investigated. It was shown that the direction of the wave vector depends on the sign of the real refractive index, and the direction of the Poynting vector strongly depends on the dispersion type of the isofrequency curves. Such structures have triple dispersion regimes in FIR frequencies for the TM wave and a single regime for the TE wave. The dispersion type of these kinds of material can be switched by tailoring the chemical potential and the optical axis orientation of the GAHM. The results revealed that the GAHM with the high tilted optical axis or high chemical potential are in the hyperbolic regime in the wide range of FIR. This tunability makes such structures for applications such as superlenses, optical filters, and negative refraction applications.
ORCID iDs
M Karimi Habil https:/ /orcid.org/0000-0002-3216-5868
